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Toward thé Direct Calculation of Noise:
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A numerical technique for the direct calculation of flow generated noise is developed in this paper and applied to
the prediction of supersonic jet noise. In this approach, each flow parameter is decomposed into a time-averaged
mean and a time-dependent fluctuating part. The mean flow is established with the solution of the three-dimensional
compressible Navier—Stokes equations in the first step. Flow perturbations based on the description of the large-
scale structures as a linear superposition of normal mode instability waves are introduced at the nozzle exit plane.
Their propagation in time and space are studied through solution of the Euler equations for the perturbations
in the second step. Such an approach ensures that the fluctuation variables, which may be several orders of
magnitude smaller than the mean values, are computed accurately without numerical round-off errors. Some
dynamic features of the jet flow are presented. Predictions of radiated noise for a few test cases and qualitative
comparisons with experiments are made. Effects of jet temperature on the peak directivity of the radiated sound

are examined.

Nomenclature

A, B = Jacobian matrices in curvilinear coordinate system

A, B C = Jacobian matrices in Cartesian coordinate system

Ax = amplitude of instability wave

b = half-velocity thickness of mixing layer

E F,G = inviscid flux vectors in curvilinear coordinate
system

E,, F,, G, = viscous flux vectors in curvilinear coordinate

oo system

E,F,G = inviscid flux vectors in Cartesian coordinate
system

I = identity matrix

i = imaginary number, ./(—1)

M; = jet Mach number

m = azimuthal mode number

P = pressure

[¢] = flow properties vector in curvilinear coordinate

~ system

0 = nonlinear fluctuation terms

q = flow properties vector in Cartesian coordinate

L system

R, ST = viscous flux vectors in Cartesian coordinate
system

(r,0,x) = cylindrical polar coordinate system

r; = radius of jet

t, T = time

u, v, w = velocities in polar coordinate system

(x,y,z) = Cartesian coordinate system

o = eigenvalue

8 = difference operator

(¢,n,¢) = curvilinear coordinate system

p = density

¢ = any flow variable

w = radian frequency
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Subscripts

i,j, k = grid indices

J = jet

x,y,2,¢t = derivatives in Cartesian coordinate system
£,7n,¢,T = derivatives in curvilinear coordinate system
Superscripts

n,(n+1) =time levels

- = time-averaged quantity
= fluctuation quantity

= eigenfunction

I3

~

Introduction

ECENT efforts to develop a supersonic civil transport plane

and the proposed stringent community noise requirements
have led to a resurgence of interest in the prediction and suppres-
sion of noise radiated by supersonic jets. Considerable attention
has been focused on developing reliable prediction methods, espe-
cially for the dominant supersonic jet component. Direct numerical
solution of the Navier-Stokes equations would provide the radi-
ated noise, but this approach is not practical because of the limita-
tions of the present day computers. Three different approaches have
been adopted for the predictions of jet noise in the past: empirical
schemes, theoretical/analytical methods, and numerical simulation
through Navier-Stokes equations. In the empirical approach, the
far-field noise is directly correlated to the mean flow parameters
using Lighthill’s acoustic analogy or through the use of empiri-
cal relations. Classical theoretical methods involve the modeling or
calculation of the source term from simplified equations and the
application of the acoustical analogy for noise predictions. Recent
theoretical/analytical methods are based on the observations of Tam
and Morris! and Tam and Burton,? among others, that the noise
producing structures in supersonic shear layers may be modeled
as instability waves. Based on the instability wave theory, these re-
searchers were able to predict the noise characteristics of high-speed

_circular and noncircular jets. Recently, Tam® and Tam and Chen*

have developed stochastic model theories for broadband shock asso-
ciated noise and turbulent mixing noise from high-speed jets. Very
good agreement with experimental measurements were obtained
with these theories.
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In the computational fluid dynamics (CFD) and computational
aeroacoustics arenas, several recent studies have focused on the
direct calculation of radiated noise from the governing equations,
without taking recourse to Lighthill’s acoustic analogy, e.g., Scott.?
In most of these studies, the mean flowfield is established with the
solution of the Navier—Stokes equations. The radiated noise is ob-
tained by extending the solution to the far field throughlinearized
Euler equations® or with the acoustic analogy.” The many pitfalls
associated with extending CFD techniques to acoustic analysis are
well documented. Numerical schemes that possess minimum dissi-
pation, minimum dispersion, and isotropy are necessary for acoustic
applications and are currently being developed. Because of the pro-
hibitive cost of direct calculation of noise from the Navier—Stokes
equations, and the conflicting requirements for the accurate calcula-
tion of both the viscous flow and the acoustic field, it is preferable to
carry out a two-part calculation. Such an approach has been adopted
by Bechara et al. in their development of a stochastic noise genera-
tion and radiation model. In the first step, the mean flowfield and the
turbulent components are evaluated while the acoustic perturbations
are neglected. In the second step, a set of governing equations for the
acoustic variables is solved. This procedure was applied to a sub-
sonic freejet, and the incompressible Euler equations were solved,
with the turbulence field represented by a synthesis of a collection of
discrete Fourier modes. Good comparisons with experiments were
reported.

In the present study, a numerical technique that utilizes the cal-
culated mean flowfield for the prediction of radiated noise is de-
scribed. The mean flowfield is first obtained from the solution of the
Navier—Stokes equations in the jet and in the immediate vicinity.
The solution is extended to the near field through the Euler equa-
tions for flow fluctuations. This approach may be viewed as a cross
between a classical linear stability analysis and CFD techniques.
As in a stability analysis, the flow variables are decomposed into
two parts, and a system of equations for the fluctuations are ob-
tained for a given mean flow. On the left-hand side of this system
of equations are the linearized Buler equations. The right-hand side
contains source terms that are related to the turbulent fluctuations
and their interactions with the mean flow. After the equations are de-
rived, the spatial derivatives in this equation set are discretized on a
curvilinear grid using CFD-based techniques. The resulting system
of ordinary differential equations for the flow perturbations is solved
by direct numerical integration in time. Information such as tem-
poral and spatial growth of disturbances introduced into the shear
layer, convective speeds of instability waves, and the directivity of
the radiated noise, are all extracted directly from the time-space
domain solution, using data processing techniques similar to that
employed by experimenters.

There are several drawbacks when the desirable features of the sta-
bility theory are combined with computational fluid dynamics tech-
niques. The numerical viscosity in modern finite difference schemes
and temporal damping associated with any stable time-marching
scheme could reduce the accuracy of the solution, particularly when
coarse grids and/or large time step values are employed. A minimum
of 10 points per wave length are usually needed to faithfully capture
acoustic waves propagating in space. As a result, such solutions are
at least two orders of magnitude more expensive than existing ana-
lytical techniques. But the mean flow may be unsteady, nonuniform,
nonparallel, and may contain embedded shocks and embedded solid
surfaces. The present approach is suitable for these kinds of flows.
Furthermore, the prescription of the mean flowfield in terms of sim-
ple analytic functions for noncircular geometries poses a problem, in
the evaluation of noise using stability theory. In a recent study, Dahl
and Morris® used the mean flowfield obtained from the solution of
the compressible Reynolds-averaged boundary-layer equations to-
gether with the instability wave formulation of Tam and Burton?
for the evaluation of noise from coaxial jets. The mean flow com-
puted from parabolized Navier-Stokes (PNS) solvers'® or a large
eddy simulation (LES) solver’ could serve as the input for noise
calculations using Euler equations. This approach permits the anal-
ysis of a variety of flows, such as flow through ejectors, elliptic
and rectangular geometries, etc. The near-field solutions from the
Euler equations may then be used in a Kirchhoff formulation for the
estimation of far-field noise.!!:1?

This work is organized as follows. First, the Navier-Stokes solver
used to solve the Reynolds-averaged mean flow equations is de-
scribed. The three-dimensional Euler equations for flow perturba-
tions are derived on a Cartesian coordinate system, and techniques
are described and developed for the discretization of these equations
on a general curvilinear coordinate system. Some code validation
studies for the jet mean flowfield are presented. Finally, the current
approach is applied to the prediction of mixing noise generated by
an axisymmetric, perfectly expanded, supersonic jet. It should be
noted that the main goal of this study is to demonstrate the valid-
ity and usefulness of the current approach, rather than make direct
comparisons with experiments. The noise calculations are restricted
to axisymmetric disturbances in light of computer needs. The atten-
dant limitations are discussed. Nevertheless, the directional features
of the radiated noise are expected to be resolved by the simpler com-
putations. This paper reports our efforts to couple the aerodynamiic
and aeroacoustic solutions and represents one of the first attempts in
the development of a numerical technique for the direct calculation
of radiated noise.

Mathematical Formulation
Navier-Stokes Formulation
The vector form of the full Reynolds-averaged, three-dimensional
Navier—Stokes equations based on an arbitrary curvilinear coordi-
nate system may be written as

Q.+ E—E);+F—F),+G-G), =0 (1)

where @ is the vector of unknown flow properties.
The time derivative Q, of Eq. (1) is approximated using two-point
backward difference at the new time level,

Q.= (@' -gY/ar )

where n refers to the time level at which all quantities are known and
n + 1 is the new time level. All spatial derivatives are approximated
by standard fourth-order central differences and are represented by
the differencing operators 8, e.g., Ex =~ §:E.

The derivative in the azimuthal direction F,, is evaluated explicitly
at the old time level n, but we use the values at time level » + 1 as
soon as they become available. This semiexplicit treatment of the
n derivative enables one to solve implicitly for all points at one
azimuthal plane at a time.

The viscous terms E,, F,, and G, are evaluated explicitly, using
half-point central differencing, so that the computational stencil for
the stress terms uses only three nodes in each of the three directions.
Explicit treatment of the stress terms still permits the use of large
time steps since the Reynolds numbers of interest here are fairly
large. :

The time and space discretizations just described lead to a system
of nonlinear, block pentadiagonal matrix equations for the unknown
Q1. The equation is then linearized using the Jacobian matrices
A = 3E/3Q and B = 3G/3Q and approximately factored into a
product of two block tridiagonal matrix equations,

I+ At Al + At8,B]JAQ =R
= —At[8;(E —E,) +,F — F,) +5,(G - G,)] ®

The use of standard central differences to approximate the spatial
derivatives could give rise to the growth of high-frequency errors
with time. To control this growth, a set of second/fourth-order non-
linear, spectral radius-based, explicit artificial dissipation terms are
added to the discretized equations. A second-order implicit dissipa-
tion is used to help the overall numerical stability of the scheme.
Two different turbulence models, an algebraic eddy viscosity
model and a k—¢ model, have been implemented in the mean flow
solver. The algebraic eddy viscosity model that models the eddy
viscosity as being proportional to the shear layer thickness d and
the velocity difference across the shear layer AU is used. The jet
flowfield is divided into three regions: initial mixing region where
mixing is confined to the shear layer, a transition region, and a
fully developed regime. The empirical constants that appear in the
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algebraic eddy viscosity model were adjusted in the three regimes
to give good predictions for the centerline velocity and temperature
variation for subsonic and supersonic heated jets. Once a set of suit-
able constants were found, these empirical constants were frozen
for all subsequent studies.

Aeroacoustic Formulation

The computational aeroacoustic formulation starts with the three-
dimensional compressible Navier-Stokes equations in a Cartesian
coordinate system,

qt‘+Ex+Fy+Gz=ﬁx+§y+Tz (4)

where E, F, and G contain information about the mass, momen-
tum, and energy fluxes, pressure forces, and work done by pressure
forces; R, S, and T represent viscous stress and heat diffusion con-
tributions. The flow variables are decomposed into a mean flow
component and a perturbation component,

g=q+q (&)

The Cartesian flux terms E, F, G, etc., may be expressed in terms
of the mean flow and the perturbation quantities, while retaining
complete nonlinearity. For example, one may write

pu = piu+ pu + ip + p'v 6)

These decompositions are substituted into Eq. (4), and the unsteady
Euler equations for the mean flow are subtracted. If the contributions
of ¢’ to the viscous terms on the right-hand side of Eq. (4) are
neglected, the following form results:

@)+ Ad): + Bg), +(Cq), =0 @)

_ The matrices A, B, and C are the Jacobians of the fluxes E, F, and
G, respectively, and are computed using the mean flow information,

A=—, B=—, C= ®

L&
SET
S| &

The quantity Q contains the nonlinear terms. If these terms are ne-
glected, a linear formulation results. The present procedure has been
implemented in the computer code such that either the linear form
or the full nonlinear form may be solved. The mean flow quanti-
ties may be several orders of magnitude larger than the perturbation
quantities, especially outside the jet. The separation of the flow-
field into two components will ensure that the mean flow will not
overwhelm ¢’ and lead to numerical round-off.

Finite Volume Discretization
Consider a control volume surrounding the node (i, j, k) as shown
in Fig. 1. Equation (7) may be cast in an integral form on such a

/ {Li+1.k)

(i-1,j,k) (i+1.3.K)
(iik)

(hi-1.%)

Fig.1 Sketch of control volume.

control volume, and the application of the divergence theorem yields
the following relation:

aq a = o -
f%dv+§s[Aq'i+Bq'j+cq'k].ﬁd3=fgdv ©
\4 |4

The surface integral is performed over the six faces of the control
volume here. Assuming that the coefficient matrices A, B, and C
(which are only functions of the mean flow g) could be computed at
the centers of the cell faces, the preceding equation may be written

J

Vol; ; « [%] + Z{[/if +Bj +Ck]1-nAS)
ijk

= Vol; ;{01 .« (10)

where Vol; ;; is the volume of the control volume, 7 the outward
facing unit normal at each of the six faces, and AS the area of the
cell faces. Equation (10) may be written in the following convenient
form:

dg' i
Vol 4 [%] +) Pg =Vol ihl@hj (D)
i,j.k

Solution Procedure

Numerical Scheme

The numerical algorithm used to advance the flow properties in
time is described in this section. Satisfactory numerical approxi-
mations to the flux vector Pg’ crossing each of the six faces may
be computed in several ways. This leads to a number of numeri-
cal schemes, such as upwind schemes, the classical MacCormack
scheme, and central (symmetric) difference schemes. Sankar et al,!?
have compared the relative merits of these schemes for a number
of classical two-dimensional acoustics problems. The central dif-
ference schemes require the addition of artificial viscosity in or-
der to obtain stable solutions. The jet noise simulation solver has
several options implemented, a third-order upwind scheme, and a
second/fourth-order MacCormack scheme. The upwind schemes
were found to be too dissipative and, hence, deemed unsuitable
for the current application. For the results presented in this paper,
the explicit two—four MacCormack scheme of Gottlieb and Turkel #
has been employed. During the predictor step, the following form
of the discretized equation is sotved:

41 =q 10— Bt T =8t Ficap ]’
ij.k ij.k 6Ax

A 76,4 =8G,;_ 1, +Gi; 0, ]
6Ay

_ At 7Ht{,j,k - 8Htl‘,j,k—1 +iIzl',j,k—2
6Az

] +A1Q, (12

where F' = Aq/,G' = Bq' , H' = Cq'.
During the corrector step, the following form is used:

l|n 4
nrt_ Lhjx i

g5 = 5
+Atr7F;,j‘k_8F§+1,j,k +F§+2,j‘k ?
L 12Ax
C+ At -7Gz{,j.k‘SGf,j+1,k+G§,j+2,k P
| 12Ay
(TH, ,  —8H. .,  +HL 217 Atcs
Lk ijk+1 i,jk+2 P
+ At As ] +-[00] a3

The spatial derivatives in the nonlinear term @ are also computed
using appropriate one-sided differences during the predictor and the
corrector stages.
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Unlike the upwind schemes, the MacCormack scheme does not
have a sufficient amount of built-in dissipation to eliminate high-
frequency spatial oscillations. An explicit fourth-order filter is,
therefore, added to the right-hand side of Eq. (13) during both the
predictor and corrector steps to eliminate such nonphysical oscilla-
tions. This filter is of the form

—Y[gir — 4G4, + 64 — 49, +4i_,]
Vg2 — 41 + 64, ~ 4q;'—1 +4,] (14
~Y (s ~ s + 6G; — 44y + 5]

where 1 is a coefficient of the order of (1/64).

Inflow Conditions

There is substantial experimental and theoretical evidence that
the dominant part of the turbulent mixing noise from supersonic
jets is generated by the large-scale turbulent structures of the jet
flow. Tam!3 has provided a detailed review of the noise generated
by the coherent structures. When these structures are convected
at supersonic speeds with respect to the ambient speed of sound,
they serve as efficient noise generators. The experimental studies
of McLaughlin et al.,'S Motrison and McLaughlin,'” and Troutt
and McLaughlin'® in low and moderate Reynolds number super-
sonic jets indicated that the large-scale structures took the form of
instability waves of discrete frequencies at low Reynolds number
and consisted of a band of instability waves at higher Reynolds
numbers. Comparisons of these data with high Reynolds number
experiments (see Seiner et al.') suggested that the characteristics
of the large-scale structures in high Reynolds number supersonic
jets are probably similar to those of the instability waves at lower
Reynolds numbers. Tam et al.° demonstrated that the highest sound
pressure levels of the far-field noise occurs at a direction and fre-
quency that closely match the Mach wave direction and frequency
of the most amplified instability wave of the jet. This study is mainly
concerned with the Mach wave emission process and, therefore, the
flow properties associated with the large-scale structures are speci-
fied as inflow conditions. The large-scale structures are modeled as
a superposition of the normal mode instability waves, consisting of
the fundamental frequency, which is the most amplified frequency
close to the nozzle exit, and its subharmonics. Such a description,
based on the experimental observations of Ho and Huang,?' has
been to shown to capture the dynamic evolution of free shear layers,
see Morris et al.?? and Viswanathan and Morris.” The form of the
wavelike fluctuations is taken to be

¢'(r,8,x,t) = R{A (x)$(r) exp[i(ax + mb — wt)]} (15)

where R denotes the real part of a function.

Perturbations of this form are introduced into the Euler equations.
Elimination of all of the flow variables in favor of the pressure
fluctuation yields the Rayleigh equation,

#p 1 1dp 20 di]dp
dr? r pdr  (w—ai)dr|dr
mZ
+ | AM} (@ — ain)® — - —o?|p=0 (16)

The overbar in Eq. (16) denotes a mean quantity. The axial wave
number for a given frequency is obtained thiough the solution of
the compressible Rayleigh equation. Details of the stability analysis
are given in Tam and Morris! and Tam and Burton.? The eigenfunc-
tions for other fluctuating flow variables are easily obtained from the
Euler equations. A normalization condition for the eigenfunctions
is imposed such that
4p

“lt R . . 1 ..
/ [Zﬁﬁ(lul2+lvlzlwl2)+ Iplz+59t(pu*)]-rdr=1
0

)

where the asterisk denotes the complex conjugate of a function. The
initial conditions are specified as the sum of the eigenfunctions for

the different frequencies used to model the large-scale structures
and may be written

N
'(r,0,x,1) = Z R{A; (x0) (7, w1, m) exp [i 8 — w;1)]}
I=1

. (18)
The initial-half velocity thickness of the annular mixing layer, b/r;,
is taken to be 0.05 and the eigenfunctions are prescribed at a small
distance downstream of the nozzle exit. This manner of forcing the
flow at the upstream boundary is expected to characterize the large-
scale structures and provide the directivity features of the radiated
noise.

Numerical Results and Discussion

In this section, some of the details and results of the mean flow
simulations are described first. Predictions of radiated noise from
the Euler equations are then presented.

Mean Flow Prediction

An accurate simulation of the mean flowfield is the first requi-
site in the computation of the radiated noise. The three-dimensional
Navier—~Stokes equations are solved on an axisymmmetric grid, con-
sisting of three azimuthal planes. The computations are performed
on the centerplane, and the two adjacent planes are used to enforce
axisymmetry at each time step. A cylindrical grid which consists of
251 nodes in the axial direction, 81 nodes in the radial direction,
and 3 planes in the azimuthal direction, is employed. A schematic
of the computational domains for the mean flow and the acoustic
calculations is illustrated in Fig. 2. A fine grid is prescribed close
to the jet exit plane, and the grid spacing is gradually increased in
a geometric fashion as the distance from the nozzle exit increases
in both the axial and radial directions. Dash et al.>* have evaluated
the performance and suitability of different turbulence models for
high-speed jet flows. No single model with universal coefficients
has been found to be suitable for different types of flows. Two dif-
ferent turbulence models, a simple algebraic eddy viscosity model
and a two-equation k—e model, are considered. Based on the rec-
ommendations of Dash et al.,?* a k—¢ model with the centerline
correction proposed by Pope? and compressibility correction was
incorporated. Extensive measurements of the mean flowfield and
the acoustic characteristics of high-temperature supersonic jets at
NASA Langley by Seiner et al.2® are chosen as the test cases and
considered for detailed study. The performance of the k—¢ model
was assessed through comparison of the mean flow characteristics
with measurements. Several problems, such as the specification of
the initial turbulent kinetic energy values, maximum cap on k to
prevent unstable solutions, etc., were encountered. The predicted
centerline characteristics were not good due to the cited problems.
The main goal of this study is the calculation of the radiated noise
from a computed mean flowfield and not the development of an ac-
curate turbulence model. In light of this objective, it was decided to
employ the simpler eddy viscosity model.

{Not to scale)

Domain for acoustic computations

Domain for Navier-Stokes computatiohs
Nozzle
.
N T L L TLLLLLLLL L L L LL LD oo im

Jet centerline

Fig. 2 Schematic of the computational domains for mean flow and
acoustic computations.
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Fig.3 Comparison of velocity distribution at the jet centerline; M; =
2,0 and T; =755 K.
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Fig. 4 Comparison of velocity distribution at the jet centerline; M; =
2.0 and T; = 313 K.
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Fig. 5 Comparison of velocity distribution at the jet centerline; M; =
20and T; = 1114 K.

The particular case of a Mach 2.0 jet at a jet total temperature of
755 K was chosen as the benchmark case. The three-zone turbulence
model was calibrated to match the experimental data closely at this
jet temperature. With the same set of constants, predictions of the
mean flow were made at other jet total temperatures. Figures 3-5
show the predicted and measured centerline velocities for three dif-
ferent jet total temperatures of 755, 313, and 1114 K, respectively.
In each case, the velocities have been normalized by the jet exit ve-
locity. The empirical constants that appear in the model have been
adjusted to match the measured values at 755 K, and this is reflected
in Fig. 3. It can be seen that the predicted velocity decays at other

temperatures are reasonably accurate, though the predicted potential
core lengths are not that good. At the higher temperature of 1114 K,
the predicted rate of mixing is lower than the measured mixing rate.
But at the lower temperature of 313 K, this trend is reversed, and the
predicted mixing rate is higher. There is, however, good qualitative
agreement.

Some dynamic features of the flowfield are now presented. The
Euler equations are also solved on an axisymmetric grid. As men-
tioned, both the linear and nonlinear forms may be solved. The
eigenfunctions associated with the instability waves used to model
the large-scale structures are prescribed at the upstream boundary.
When the nonlinear terms are retained, the interactions between
the various instability waves are taken into account. Five instability
waves, consisting of the fundamental and the first four subharmon-
ics, have been prescribed in the following test cases unless stated
otherwise. Though the normalization condition provides a weighting
factor for each instability mode, the initial amplitude distribution is
not known. Tam!” has pointed out the pitfalls associated with the use
of discrete waves to model naturally occurring large-scale structures;
the characteristics of naturally occurring turbulence structures are
random, whereas the discrete instability waves are completely de-
terministic. To address this fundamental difficulty, Tam and Chen?’
developed a stochastic wave model in which the initial amplitudes
are taken to be stochastic random functions. The characteristics of
the large-scale structures in a two-dimensional mixing layer from
such a representation were shown to provide good agreement with
experimental measurements. In a recent study, Bechara et al.? used
a stochastic description of the turbulence field by synthesizing the
velocity field at each spatial location and for all time with a col-
lection of discrete Fourier modes. The synthesized field described
the noise source terms, and a system of linearized Euler equations
were solved for noise predictions. This formulation was shown to
provide realistic pressure signals and power spectral densities in the
near field.

This level of sophistication and complexity is not attempted in the
present study. Instead, a few discrete modes are used to model the
large structures. This description is more appropriate for excited jets,
where the excited large-scale structures when modeled with a single
instability wave provided very good comparison with experiment,
see Tam and Morris® and Gaster and Wygnanski.?® In the simple
approach here, the initial amplitudes of all of the instability waves
are assumed to be equal. Aninitial value of 0.01 has been specified at
the upstream boundary for the results reported here.

The Euler equations for the perturbations are solved, and the
instantaneous values of the flow variables are obtained with the ad-
dition of the calculated mean values. Mankbadi et al.” demonstrated
the wavelike nature of the flow structure to both random and har-
monic initial conditions. In this study, since the eigenfunctions are
used as initial conditions, the large-scale structures should be bet-
ter characterized. Typical results from the nonlinear axisymmetric
simulations are shown. The test case chosen is the Mach 2.0 jet at
a total temperature of 755 K. The instantaneous spanwise vorticity
contours at different times are shown in Fig. 6. These times corre-
spondtot =0, T/8,27/8,and 3T /8, where T is the time period of
the lowest subharmonic prescribed. The initial mixing layer seems
to roll up into the cat’s eye structure, after the instability waves have
interacted and attained a sufficient amplitude. The vortex merging
process is not readily observed in a round jet, unlike the case of
a plane mixing layer. First of all, helical modes are dominant at
higher Mach numbers, and second, the vortex merging process is
not as organized as in a plane mixing layer.

Abetter visual picture of the turbulence structure is obtained when
the radial velocity contours are examined. Such a time sequence is
depicted in Fig. 7, -with the nondimensional times being the same
as those in Fig. 6. The same contour levels have been plotted for
different times. There are several well-defined closed contours at
all time frames. Close to the nozzle exit, there is a rich variety of
structures, but farther downstream there are larger structures with
increased spacing between them. When the pressure or density field
is examined, there is a well-defined near field, and the orientation of
the wavefronts is in good agreement with the schlieren pictures of
the wave patterns associated with the Kelvin—Helmholtz instability
waves; see Oertel.?
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Fig.7 Time sequence of radial velocity contours.

A sample three-dimensional simulation has also been carried out
to verify whether the jet would lock on to the excited helical in-
stabilities and to test the ability of the numerical scheme to resolve
three-dimensional structures. For this case, 18 azimuthal planes,
each 20 deg apart, were specified. Three axisymmetric (m = 0) in-
stability modes and three helical (m = +1) modes were specified at
the upstream plane. An instantaneous isosurface plot of the helicity
density is shown in Fig. 8. Close to the nozzle exit, the axisym-
metric modes seem to be dominant. Farther downstream, there is
a well-defined helical structure. For the Mach number considered,
experimental results have shown that the helical modes are more
important than the axisymmetric modes. The current simulation is
in qualitative agreement with experiments and captures the helical
nature of the large-scale structure.

Prediction of Radiated Noise

For the noise predictions, a uniform grid is used both in the ax-
ial direction and in the radial direction beyond the first four jet
radii. In the radial direction, a smaller grid size is specified for the
first four jet radii so as to provide a good description of the mean

flowfield and also to capture the peaks in the eigenfunction distri-
butions. The computational domain extends to 100 jet radii both in
the axial and radial directions, and the computations are carried out
in the transformed coordinate system. Again, only three azimuthal
planes are employed. This restricts the analysis to axisymmetric in-
stability modes in the prescription of the large-scale structures, as
a fully three-dimensional simulation is necessary to resolve higher
azimuthal modes. Experimental studies as well as hydrodynamic
stability analyses have shown that the m = +1 helical mode is
dominant above a jet Mach number of about 1.4. In this prelimi-
nary simulation, only axisymmetric modes are considered. Issues
such as-numerics, prescription of appropriate boundary conditions,
choice of a suitable numerical scheme, etc., will be addressed and
resolved for the axisymmetric case before three-dimensional noise
simulations are taken up. Because of this restriction, direct compar-
ison with experimental measurements is not possible at the current
stage. The computations are carried out for several time periods of
the lowest subharmonic and a root-mean-square value of the fluctu-
ation pressure is obtained during the last cycle. The computer time
required for a simulation depends on the grid used as well as on the
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Fig.8 Isosurface plot of helicity density; M; = 2.0 and T} = 755 K.

Fig.9 Contour plot of sound pressure levels in decibels; M; = 2.0 and
I; =755 K. :

jet operating conditions for the acoustic computations. Typical CPU
times are as follows: the mean flow computations require about 3 h
of Cray Y-MP time and the acoustic computations about 14 h. Three-
dimensional simulations require significantly larger run times.

Figure 9 shows contours of equal sound pressure levels for the
Mach 2.0 jet at 755 K total temperature. The absolute levels can-
not be predicted because of the prescription of an arbitrary initial
amplitude for the instability waves. Therefore, the levels should be
interpreted in a relative sense. The sound pressure levels have been
scaled, with a scaling factor obtained by setting the pressure level
to 148 dB at a distance of 30 and 20 radii from the nozzle exit in
the axial and radial directions, respectively. There is a well-defined
directivity pattern, and the peak angle is around 45 deg from the jet
exhaust axis. The measurements of Seiner et al.?6 showed a peak
between 45 and 46 deg, and there is good agreement between the
predicted and the measured peak directivity angle. Perhaps this is
not unexpected because the mean flowfield has been calibrated to
very closely match the experimental data and then used in the cal-
culation of the radiated noise. Apart from this, the prescription of
the eigenfunctions of the instability waves at the upstream boundary
seems to describe the evolution of the large-scale structures well and
capture their radiated noise.

Figure 10 shows similar results for the Mach 2.0 jet at 313 K
total temperature. There is a well-defined directivity pattern with
a peak angle of about 35 deg. The data of Seiner et al.?® showed
a peak at 35 deg. Again, the predicted peak emission angle is in
good agreement. Seiner and Ponton3' have made detailed near-field
acoustic measurements of unheated jets and have provided contour
plots of the sound pressure levels. The predicted radiation pattern is
very similar to the measurements from a Mach 2.0 unheated jet; see

Fig. 25ain Ref. 31. As the jet temperature increases, the convective,

Mach number increases and the peak emission angle measured from
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Fig. 10 = Contour plot of sound pressure levels in decibels; M; = 2.0 and
T;=313K.
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Fig; 11 Contour plot of sound pressure levels in decibels; M; =2.0 and
T;=1370 K.

the jet exhaust angle increases. This trend, which has been observed
in the experiments, is reproduced in the current computations.

The case of a jet operating at a highly elevated temperature. of
1370 K is considered next. Figure 11 shows the contours of equal
pressure levels, with a predicted directivity angle of about 46 deg.
The measurements of Seiner et al.?¢ exhibited a major peak at 51
deg and a second peak at 43 deg. These two peaks were thought to
be associated with the Kelvin—Helmholtz and the supersonic insta-
bility waves, respectively. In the present simulations only axisym-
metric Kelvin—Helmholtz instability waves were introduced at the
upstream boundary. This is not adequate at high jet temperatures,
where the higher order instability modes are important contributors
to the overall noise. ¢
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Seiner et al.3? used the compressible Rayleigh equation to pre-
dict the Mach wave emission process from high-temperature super-
sonic jets. They were able to infer many of the important features
of the radiated sound field with this approach. It was shown that
at very low Strouhal numbers, the m = £1 mode gave the cor-
rect angle of emission. Axisymmetric structures were important
only at high Strouhal numbers. Therefore, the present simulation,
though in good qualitative agreement vis a vis emission angle pre-
dictions, is only the first step in the direct computation of radiated
noise.

The choice of Strouhal numbers for the description of the large-
scale structures needs to be more comprehensive. Though the pre-
scription of the fundamental and its subharmonics may be adequate
in the simulation of jet mixing, these frequencies may not be the
dominant ones in noise radiation, as pointed out by Tam.*® The
evaluation of the total growth integral (see Seiner et al.*?) would
provide the range of Strouhal numbers that are important for noise
emission. A broadband model that encompasses a broad range of
frequencies and azimuthal mode numbers would be appropriate, es-
pecially at high jet temperatures. Recently, Tam and Chen,* in their
development of a broadband jet noise theory, evaluated the con-
tributions of higher order modes to the turbulent mixing noise and
showed that no single wave mode is the dominant source of noise for
the Mach 2.0 jet at a total temperature of 1114 K. The contributions
from different modes were shown to be responsible for the noise di-
rectivity curve to be fairly broad. This could explain the discrepancy
for the highly heated jet case and points to the need for a broadband
model. The assumption of equal initial amplitudes for all of the in-
stability modes is not adequate. The recent stochastic model of Tam
and Chen* for turbulent mixing noise allows the relative amplitudes
of different instability modes to be determined. This complex prob-
lem cannot be easily addressed, especially for naturally evolving
jets. A stochastic approach is clearly warranted for this case. In
spite of the simplifying approximations, the present study has pro-
vided a qualitative measure of the Mach wave emission process of a
supersonic jet. :

Summary

A numerical technique for the computation of flow generated
noise has been presented. Both the mean flow and the noise radi-
ation phenomena have been simulated. The mean flow established
with the solution of the Navier—Stokes equations has been used in
conjunction with a linear/nonlinear Euler solver for the prediction
of near-field noise. For the jet noise problem, the eigenmodes asso-
ciated with the most amplified frequency at the nozzle exit and its
subharmonics have been prescribed as the inflow conditions. How-
ever, only axisymmetric instability waves have been included in
the noise calculations. This was dictated by considerations of large
computation times required for three-dimensional simulations. In
spite of the many simplifying assumptions, the present study has
provided a qualitative study of the Mach wave emission process in
a supersonic jet. The experimentally observed variation in the peak
emission angle with jet temperature is correctly reproduced in the
current computations. Most of the past jet noise predictions were
based on the instability wave theory. In the present computations,
the radiated noise is directly computed from the governing equations
for the flow fluctuations. This approach represents one of the few
recent attempts to apply computational aeroacoustics techniques for
practical problems.

The hybrid method outlined in this paper is not geometry de-
pendent and may be applied to several computational aeroacoustics
problems, for example, Lim et al.3* However, the mean flow must
be obtained from a turbulence closure scheme that does not require
the adjustment of empirical constants for different flow situations
and geometries. Large eddy simulations offer the best prospect for
the near future, and LES may be coupled to a higher order numer-
ical scheme for the resolution of the perturbation quantities. Non-
reflective boundary conditions are necessary so that any spurious
reflections or errors that may be introduced at the boundaries do
not propagate to the interior and contaminate the solutions. These
outstanding issues need to be addressed before a truly direct noise
prediction scheme can be developed.
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